INTRODUCTION
A 2-(u, k, 1) block design is a set Q of v points and a collection of k-subsets of 9, called blocks, such that any two points lie in a unique block. Such designs have been classified in [ l&S] if their automorphism group acts doubly transitively or doubly homogeneously on its points. A classification for the case of flag transitive automorphism groups is now under way Cl, 2, 91. In this paper we consider block transitive automorphism groups and take the first steps towards a classification in this situation. The paper can be seen as a continuation of the work in CL 151.
The second section describes the notation and contains a number of preliminary results some of which may be folk lore. The third section contains the main results, in particular the following THEOREM 2. Let G act as a block transitive automorphism group on a 2-(v, k, 1) design. Let B be a block of the design and GB the group induced on B. If non-trivial elements in GB fix at most one point in B then either G acts as a flag transitive group or G has odd order.
In the final section there are some applications of the preceding results to the special case of 2-(~4, 1) designs. The reason for considering this case is partly an exercise in using the techniques we have developed, and partly a continuation of the work of J. D. Key and E. E. Shult [16] , J. I. Hall [ll] , H. Liineburg [lS] , and P. C. Clapham [6] which provides a classification for block transitive 2-(0, 3, 1) designs.
As a last comment, note that we have chosen to use the language of block designs rather than of linear spaces [l] . This is just a matter of personal preference. 268
PRELIMINARY RESULTS
Given a 2-(v, k, 1) design, b will denote the number of blocks and Y will denote the number of blocks through a given point. Let B be a block and let G be an automorphism group. Then G, will be the block stabilizer and GcBj the pointwise stabilizer of the block. Also GB will denote the action of GB on the points of B and so GB z G,/G,,,.
Let the point set of the design be denoted by 0. If d is a subset of Q then the intersections of d with blocks (on Sz) meeting d in at least two points form an induced structure on d. We shall say that d is a design if this induced structure forms a 2-(/A), k,, l)-design. The subsets that will be of most interest are the points fixed by a subgroup H of G. This set will be denoted by Fix H. LEMMA 1 (H. Davies). Let H # 1 be a subgroup of 6. Then JFix HI 6 r unless every point lies on a fixed block and then IFix HI < Y + k -3.
Proof. This is contained in the thesis of H. Davies [9] . Let a be a point not fixed by H. Then a is contained in at most one fixed block. If there is no such block then H fixes at most one point on each of the blocks containing CI. So IFix HI < r. Otherwise H can fix at most k -2 points on the fixed blockandso /FixHj<r-l+k-2==+k-3. 
Proof
Assume that (a) does not hold. Let D be any block such that 1Fix H n DI > 2. Then H 6 G,. There exists g in G such that Dg = B. Then Hg < G, and 1 Hg n Bl > 2. So there is z E G, such that Hg = H" by (ii). Then gz-' EN, (H) and Dgz-' =B'-'=B. So /FixHnDI=/FixHnBI. Thus the induced structure is a 2-(a,, k,, 1) design and N,(H) acts as a block transitive group. 1
Clearly this result is related to the Witt condition (Section 9 in [ 191) for permutation groups. This is the key to being able to use induction in the study of block transitive automorphism groups. We would now like to examine the case when (a) occurs and H is a p-group. LEMMA 3. Let G act as a block transitive automorphism group of a 2-(v, k, 1) design. Let p be a prime and let B be a block. Assume that (i) if Q is a p-subgroup of G, then IFix Q n B( > 0 implies that lFixQnBl>l, and (ii) there exists a p-subgroup P of GCBj such that Fix P = B.
Then G is flag transitive.
Consider any point M of B. Let B' be any block containing a. As G is block transitive there is a p-subgroup P' of GcB') whose fixed point set is B'. Then P' can fix no other block containing a for otherwise P' would fix at least two points on this block, and at least one of these points would not be in B', thus contradicting the choice of P'. This is true for each block D' containing LX and so there is a p-subgroup fixing just B'. Now by a counting argument in [lo], see also Lemma 5 in [17] , G, is transitive on this set of blocks. Thus G is flag transitive.
1
By a result of Camina and Gagen [5] , if G acts as a block transitive group and k divides v, then G is flag transitive. We give two simple lemmas which enable us to deduce this in special cases and apply it to Frobenius groups. We note that if s is an involution acting on a 2-(v, k, 1) design then s fixes a block on which it acts non-trivially. To see this consider any point a not fixed by s and the block containing the pair (a, as). Proof: Count the number of fixed blocks and note that it equals v/k by counting transpositions. (This is essentially the same as Lemma 7.1 in c141.1 I LEMMA 5. Assume that G contains a regular normal subgroup V whose elements we identifv with 52. Suppose that some element in G maps every element of n onto its inverse. If k > 2 then any block containing 1 is a subgroup of V so that k divides v.
Proof. Let B= (1, x, y, . ..} be a block containing 1. Then {x-l, 1, X-'y, . ..} and {1,x-r, y-', . ..> are two blocks both containing 1 and x-r. Thus they are equal and so (x-'y)-' E B. This is true for all non-identity pairs x, y in B. That B is a subgroup now follows easily. 1 LEMMA 6. Let G be a Frobenius group which acts as a block transitive group on a 2-(v, k, 1) design with k > 2. If G is not Jag transitive then G has odd order.
Prooj
Let G = VK, where V is the Frobenius kernel and K is a Frobenius complement. If G has even order either V has even order or K has. Assume first I/ has even order. Then I' contains an involution which fixes no points. So by Lemma 3, k divides ZI. Alternatively assume that K has even order. Then K contains an involution that inverts V. So by Lemma 4, k divides u. Thus in either case G acts flag-transitively by K51. I
THE MAIN RESULTS
We begin by proving a theorem about Sylow 2-subgroups in block transitive automorphism groups. We now turn to the proof of Theorem 2, which is mentioned in the Introduction. Proof. We make two observations to begin with. The first is that GB has odd order if and only if G has odd order since any involution has to fix at least one block on which it then acts non-trivially. The second is that G is flag transitive if and only if GB is transitive.
Let G be a group of minimal order satisfying the hypotheses of the theorem but not the conclusion. Let B be a block and assume that G,,, is not the identity. Let p be a prime dividing the order of G(,, and let P be a Sylow p-subgroup of GcB). Let Q be a conjugate in G of P such that Q < G, and /Fix Q n Bl > 2. Since the only element of GB which fixes two points is the identity we have Q < GcB). As P is a Sylow p-subgroup P and Q are conjugate in G,.
By Lemma 2, N,(P) acts as a block transitive group on the 2-(u,, k, 1) design whose point set is Fix P. Also, since P is a Sylow p-subgroup of GcB, which is normal in Gs, we obtain N,,(P) .GCBl = G,. Thus N,(P)B is isomorphic to GB and N,(P) acts on a 2-(u,, k, 1) design satisfying the hypotheses of the theorem. Since N,(P) # G the minimality of G implies that N,(P) in its action is either flag-transitive or has odd order.
If N,(P) is flag transitive then No(P)B is transitive but then so is GB and hence G is flag transitive contradicting the minimality of G. If N,(P) has odd order in its action then N,(P)B has odd order but then so does GB which again contradicts the minimality of G. Hence we can assume that Fix P = B. The theorem now follows from Lemma 3.
We are now left to consider the case that GcB) = 1. Since GB is semiregular this implies that G is a Frobenius group. The theorem follows from Lemma 6. 1
We now use these two theorems to obtain information about the situation when GB has order 2. design with k > 2. Let B be a block and assume GB has order 2. Then the number of blocks is odd and GB fixes at least two points of B.
Proof. Let T be a Sylow 2-subgroup of GB. If T fixes more than one point on B, the result follows from Theorem 1. Thus we can assume that JFix T n BI = 1 or 0. If JFix Tn BJ = 0 then GB acts as a semiregular group. Since G does not have odd order G is flag transitive and so k = 2 which we have assumed is not the case.
Thus we may assume that /Fix Tn BI = 1 and k is odd. We now let G be a minimal counterexample to the theorem. Let P be a non-trivial Sylow p-subgroup of GtB) for some prime p if this should exist. Clearly P satisfies the hypothesis of Lemma 2 or Fix P= B. If Fix P# B then N,(P) acts on a 2-(a,, k, 1) design with u,, = /Fix PI. But since (NG(P))B g GB the theorem holds for N,(P). This contradicts the assumption that GB fixes a unique point. If Fix P = B then the result follows by Lemma 3. So P = 1 and GcB) = 1. Thus G is a Frobenius group with a complement of even order. We now apply Lemma 6. 1
APPLICATIONS TO 2-(v,4, 1) DESIGNS
We begin this section with a general result about permutation groups. PROPOSITION 1. Let G be a permutation group of a set D of rank 5 where IQ\ = 1 + 6h. Assume that the orbit sizes are 1, h, h, 2h, and 2h and, further, that the two orbits of size h are self-paired and the remaining orbits are paired with each other. Then h is odd.
Proof. We follow the analysis and notation of D. G. Higman [13] . We label the orbits as TO, rI, r2, rx, and r4, where for each a E Q, r,(a) = CL, /T,(ol)/ = Ir,(cl)i = 2h, and Ir,(or)j = jr,(or)i = h. We then define ~j~ = \r,(/?) n rj(a)l, where p E T,(E). The matrices M, are defined by Mi = (P;~). These matrices generate an algebra which is isomorphic to the centralizer algebra. Since G has rank 5 this algebra is commutative. Thus the matrices Mi all commute. From the relations given in [ 13, Also MI M2 = M2M,. So comparing the (2,2)-entries we have 2h+2a2+2e2+2f2=a2-t-b2+2c2+2d2. so 2h=(b2-a2)+2(c2-e2)+2(d2-f2).
Thus 2 divides b* -a2 and so 4 divides b*-a*. Let h be even. Then 4 divides 2h so that 2 divides ((c'-e*) + (d*--f*)). Note that for two integers x, y both x + y and x -y have the same parity. So c -e + d-f is even. However, b-a is even.
Thus (b -a) + (c -e + d-f) # 1 contradicting the earlier assertion. So h is odd. 1
We now return to 2-(v,4, 1) designs. Note that from [3] the rank and the pairing of orbits is determined from the structure of GB on a block B. We now complete the proof by showing that, given a particular intransitive subgroup of S,, then either b has to be odd or this subgroup cannot occur.
(i) GB has odd order implies that G has odd order. Thus, since G is block transitive, b is odd.
We assume that the points on which S4 acts are 1, 2, 3, and 4. We choose for each appropriate subgroup a generic example.
(ii) If lGB) = 2 then the result follows from Theorem 3.
(iii) Let GBr ( (12), (34)). From [3] we deduce that the rank of G is 5 and that if CI is a point of B then G, has two orbits of equal size on the blocks through tl which are related to the orbits of GB. The two orbits are determined by whether CIE { 1,2} or a E { 3,4) where we think of these points being some generic block from which we take our labelling (see [3] ). It follows that the orbit sizes are 1, h, h, 2h, 2h, where h = (v -1)/6. Further, the smaller orbits are self-paired but the two orbits of size 2h are paired with each other. So by Proposition 1, h = (v -1)/6 is odd. As the points form a 2-(v, 4, 1) design, 12 divides v -1, a contradiction.
(iv) Let GB% ((123), (12) ). In this case the Sylow 2-subgroup of G, fixes two points and so by Theorem 1 the number of blocks is odd.
We have now dealt with all possible cases and hence the theorem holds. 1 A. Brouwer pointed out that there exists a 2-(37,4, 1) design with a group of order 37.3 acting block transitively. There is also a group of order 13 (the Singer cycle) acting block transitively but not flag transitively on the projective plane of order 3. Finally we look at the soluble case. (ii) If G has even order, then v = 2", G is flag transitive, and G f ATL ( 1,2") .
In particular, G is flag transitive if and only if G has even order.
ProoJ We begin by proving (i). By Theorem 4, u z 13 (mod 24). Also by Delandtsheer and Doyen [7] , G is primitive if v> qCz -qC2=36. Since u z 13 (mod 24) holds G is always primitive. Thus v is a prime power v = p". Since p" z 13 (mod 24), m is odd and p z 13 (mod 24).
If V is a minimal normal subgroup then \ VI = p" and we can identifiy the points of the design with the elements of I/ We let V be written additively. Thus Go is a subgroup of GL(m, p). Note that (JJ" -I)/3 divides the order of G,. Since m is odd we see that lGoj is divisible by a primitive prime divisor of p". So by Hering [12] , VG, < ATL(1, p") as the exceptions only occur when m is even. Thus Go is a subgroup of the metacydic group of order (p" -1 )m. Since m is odd if Go has even order there is an element in Go which acts as multiplication by -1. By Lemma 4 this would imply that 4 divides p" which is false. Thus Go and so G has odd order.
We now prove (ii). If G has even order and is soluble we see from the above argument that k divides v. But then it follows from [4] that G < ATL(1,2") for some m. B
We would like to end by noting that while the authors know of 2-(v, 4, 1) designs with v= 13, 37, 61, 109, 157, or 181 and soluble block transitive, but not flag transitive, automorphism groups, we do not know if there are infinitely many such examples.
